It is illustrated by a class of counter examples why the BrillCantor criterion is not sufficient to ensure the solvability of the Lichnerowicz equation for asymptotically flat, time reflection symmetric-free data.
Introduction
In the article, Brill and Cantor [3] suggested a criterion which asymptotically flat, time reflection symmetric, free data need to satisfy for the Lichnerowicz equation to be solvable (cf. condition ( * ) given below). The latter problem is related to the Yamabe problem, which asks for the condition under which a given smooth metric h on a smooth, compact manifold M can be re-scaled to yield a metric with constant Ricci scalar of a given sign. A criterion for the solvability of this second problem is given in terms of the sign of the 'Yamabe number' Y (M, h) (defined below and for further information on the Yamabe problem and related concepts, we refer the reader to the survey article [8] ).
Despite the fact that both criteria have been around for a while and have been referred to and used in the general relativistic literature (cf. [1, 5, 11] ), the precise relations between the Brill-Cantor condition and conditions in terms of the Yamabe number remained open. The purpose of this note is to discuss this relation and to show that condition ( * ) is in fact not sufficient to ensure the solvability of the Lichnerowicz equation. We discuss a class of counter examples. The way condition ( * ) fails and suggests that ( * ) must be replaced by a condition which is reminiscent to the condition of a positive Yamabe number. This will be discussed in the following.
When this note was completed, the present author learned, that the insufficiency of ( * ) had already been noted by Maxwell [10] , who also stated the correct condition and demonstrated its sufficiency in. The reason for nevertheless publishing this note is that the situation appears not to be well known 
The Yamabe Number
The following discussion is concerned with the problem of constructing initial data for solutions to Einstein's vacuum field equations. As is well known, such initial data are given by a smooth, 3-dimensional Riemannian manifold (M, h ab ) and a symmetric tensor field χ ab on M which are subject to certain constraints. In the particular case in which χ ab = 1 3 τ h ab , the constraints reduce to τ = const. and
were R[h] denotes the Ricci scalar of h and λ the cosmological constant. The understanding of this particular case has proven critical for the analysis of the general case. The standard procedure for providing solutions to the equation above is to prescribe, besides λ, a Riemannian manifold (M,h) and the constant τ as 'free' data, and to find a positive conformal factor u so that
1). Expressed in terms ofh this equation takes the special form of the Lichnerowicz equation
often referred to now as the Yamabe equation. Here Lh denotes the conformal Laplacian
where Δh =h abD aDb is theh-Laplacian, and the constant R[h] is given as in (2.1) by τ and λ. The analysis of this equation depends on further assumptions. We will be interested in the following two cases:
The second statement requires some explanation. If e is another Riemannian metric on M , then (M, e) is called Euclidean near infinity (with one end) if there is a compact set K in M so that there exists a coordinate system x a on M \K in which e takes the form e = δ ab dx a dx b and which maps M \K diffeomorphically onto the complement R 3 \B R of a closed ball of radius R > 0 in R 3 . Let η denote a positive function on M which takes on M \ K in the coordinates x a the values η = 1 + |x| 2 with |x| = δ ab x a x b . For s ∈ N consider
